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Abstract  In this paper, the continuity and thermody-
namic equations including moisture forcings were derived. 
Using these two equations and the basic momentum equa-
tion of local Cartesian coordinates, the budget equation of 
generalized moist potential vorticity (GMPV) was derived. 
The GMPV equation is a good generalization of the Ertel 
potential vorticity (PV) and moist potential vorticity 
(MPV) equations. The GMPV equation is conserved un-
der adiabatic, frictionless, barotropic, or saturated atmos-
pheric conditions, and it is closely associated with the 
horizontal frontogenesis and stability of the real atmos-
phere. A real case study indicates that term diabatic heat-
ing could be a useful diagnostic tool for heavy rainfall 
events. 
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1  Introduction  

Vorticity, the microscopic measure of rotation in fluids, 
is a dynamical factor that can be defined as the curl of 
velocity. In the real atmosphere, the dynamical and ther-
mal processes are always combined together. As a result, 
it is necessary to consider the dynamical and thermal 
processes together. Rossby (1940) showed a simple form 
of the potential vorticity (PV) for barotropic motion, and 
used it to analyse atmospheric patterns. Ertel (1942) pro-
posed a more generalized form of PV, which is strictly 
conserved for the frictionless, adiabatic motion. The Ertel 
PV has since been used in many aspects (Robinson, 1989; 
Thorpe, 1990; Davis, 1992; Montgomery and Farrell, 
1992; Martin and Marsili, 2002) for different purposes. 
Ertel PV is actually a kind of “dry” PV, but in the real 
atmosphere, moisture is very important, and including 
moisture in the PV equation is therefore necessary. Many 
scholars have derived moist potential vorticity (MPV) 
equations (Bennetts and Hoskins, 1979; Zhang and Cho, 
1992; Wu et al., 1995; Gao et al., 2002; Cui et al., 2003), 
studied the significance of the equations, and used the 
MPV to diagnose real cases (e.g., diagnosing vortices, 
heavy rainfall events, etc.). However, among the equa-
tions cited above, moisture forcings are only included in 
the continuity equation, and the form of continuity equa-
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tion is complex. The purpose of this paper is to improve 
the MPV equation by considering moisture forcings in 
both the air continuity and the thermodynamic equations, 
study the significance of all terms, and diagnose real cases 
using the equation.  

2  Continuity equation including moisture  
influences 

The mass conservation of dry air in the volume ele-
ment can be described as 
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where the term on the right hand side (RHS), 
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represents the effects of moisture variation. If the mois-
ture remains conserved or there is no moisture in the 

process, Eq. (2) can be rewritten as 0
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which is the normal continuity equation. From Eq. (2), it 
is obvious that, moisture variation works as mass sources 
or sinks and it influences not only the mass density but 
also the divergence. As a result, the influence of moisture 
variation is important, and considering moisture forcings 
in the real atmosphere is necessary.  
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3  The thermodynamic equation including  
moisture influences 

The first law of thermodynamics can be described as 
follows: for a thermodynamic system in equilibrium, the 
variation of internal energy is equal to the heat absorbed 
by the system minus the work done by the system. In this 
paper, the sum of the internal energy and the macroscopic 
kinetic energy is defined as the prompt energy (PE), 

namely )
2

1
( VV  IK , where I stands for the internal 

energy. Using the above definition, the first law of ther-
modynamics can also be described as: within a volume 
element, the variation of the PE is equal to the summation 
of the heat absorbed and the work received, as shown in 
Eq. (3) below: 
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where the internal energy per unit mass I = CvT, Cv is the 
constant-volume specific heat of the real atmosphere (Cv 

= (1+0.93q)Cvd, Cvd = 718 J kg1 K1 is the constant- 
volume specific heat of dry air), T is temperature (units: 
K), p is atmospheric pressure, g is the acceleration vector 

of gravity, 1
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τ , Q  is the heat rate from extraneous 

sources,  is absorptivity of condensation heat (with 0≤
≤1), and L = (3164.32.4T) J g1 is the latent heat of 
condensation per unit mass. The last term of the RHS, 

namely 
t
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)(d  , is the latent heat of the phase 

change from gas to liquid within the volume element and 
requires that dq/dt≤0. The simplified momentum equa-
tion in Cartesian coordinates (Holton, 1992) is shown in 
Eq. (4), below: 
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where f = 2sinφ is the Coriolis force parameter,  is the 
palstance of the Earth’s rotation, and φ is latitude. By 
taking V·Eq. (4) and subtracting it from Eq. (3), we can 
obtain Eq. (5): 
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The continuity equation Eq. (2) is then taken into Eq. 
(5) to form Eq. (6), where  is the specific volume: 

t

q

q
p

t

q

q

K

t

q

q

L
Q

t
p

t

I

d

d

1

1

d

d

1d

d

1d

d

d

d








   . (6) 

It should be noted that the third term of RHS of Eq. (6), 
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by phase change. In order to simplify Eq. (6), a concise 
scale analysis was implemented by setting =1, indicating 
an assumption that all heat released during the phase 
change within the volume element was absorbed. The 
magnitudes of the terms are then as follows (parts com-
mon to all terms are not included): 
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which is abbreviated to PC for the remainder of the 
analysis. The thermodynamic equation including moisture 
forcings can be then be written as shown in Eq. (7):  
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of the real atmosphere at constant pressure, and Cpd = 
1005 J kg1 K1 is the specific heat of dry air at constant 
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sure (generally p0 = 1000 hPa) and  is the potential tem-
perature. From the derivation above, the potential tem-
perature of the real atmosphere in Eq. (7) is conserved for 
adiabatic, frictionless motion. In this paper, friction was 
not taken into consideration. We then defined the equiva-

lent potential temperature as )exp(e TC
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From Eq. (8), it is obvious that for a frictionless, adia-
batic process, the equivalent potential temperature e is 

(3)
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conserved, because the terms on the RHS of Eq. (8) are 
equal to zero. If there is no moisture phase change within 
the air volume element, Eq. (8) can be rewritten as 

Q
TCt p

ee

d

d 
 . This form is the same as the thermody-

namic equation derived by Wu et al. (1995). As Eq. (8) 
shows, the terms in the RHS include two parts: (a) the 
heat from the phase change within the volume element 
and (b) the heat from extraneous sources (sensible heating, 
radiation and so on). With this classification, Eq. (8) could 
be used in a more efficient way: in synoptic processes 
with heavy rainfall, heating from the phase change could 
be the major term (especially important for meso-scale 
systems), whereas, in processes without heavy rainfall, 
the heat from extraneous sources may be the major term 
(especially important for large scale systems). 

4  The generalized moist potential vorticity 
equation  

Relative vorticity is defined as  
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Using  Eq. (4), the vorticity equation can be writ-
ten as:  
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Using Eq. (8) and Eq. (9) and ignoring friction, the budget 
equation of GMPV can be finally obtained, as shown in 
Eq. (10). From Eq. (10), we see that variation of GMPV is 
closely related to diabatic heating and the solenoid: 
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5  Significance of the budget equation of the 
MPV 

The absolute vorticity a and the gradient of equivalent 
potential temperature e  codetermine the sign of the 

GMPV. The absolute vorticity vector can be decon-
structed into horizontal and vertical components, as a=h 
+(v+fk), where h is the horizontal component and v is 
the vertical component. Similarly, the gradient of equiva-
lent potential temperature can be deconstructed to 
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the real atmosphere is inertia stable, such that v+f > 0 
(we only consider the north hemisphere), the GMPV 
would be a sign of the stability of the real atmosphere. (b) 
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as is always the case during heavy rainfall (Fu et al., 
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condition of neutral layers, the GMPV is closely related to 
the front zone while independent of the intensity of the 
vortex, reflected by v.  

If there is no moisture phase change within the volume 
element (dq/dt = 0), Eq. (10) can be simplified to the 
MPV equation derived by Wu et al. (1995). If there is no 
moisture (dry air, where q=0), Eq. (10) can be simplified 
to the PV equation derived by Ertel (1942). As a result, 
Eq. (10) is a good generalization of both PV and MPV 
budget equations.  
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)( p  e , the GMPV is conserved. (a) Under the 

condition of 0)(  p ,  //p , indicating that 

the real atmosphere is barotropic. (b) In a baroclinic at-
mosphere, where 0)(  p , )( p  e  indicates 

that the vector p  is parallel to or within the isen-

tropic surface (Fig. 1). That is, the intersection of the iso-
baric and isasteric surfaces is parallel with or contained 
within the isentropic surface (Fig. 1), and this is the satu-
rated situation of the real atmosphere (Wu et al., 1995). 
From the analysis above, the GMPV is conserved in fric-
tionless, adiabatic, barotropic or saturated processes. 

6  Dignostic analysis using the GMPV budget 
equation 

The moist potential vorticity equation is a useful diag-
nostic tool for heavy rainfall (Gao et al., 2002). In this 
section, a heavy rainfall event (0000 UTC 4 September 

 

 
 

Figure 1  Configuration of the isobaric (p), isasteric (α), and isentropic 
surfaces (e), where “A” indicates an arbitrary point in the real atmos-
phere, and the arrows indicate vectors. 
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2004–0000 UTC 6 September 2004) caused by a south-
west vortex (Zhao and Fu, 2007) was analyzed using the 
GMPV budget equation and reanalysis data from National 
Centers for Environmental Prediction (NCEP), with a 
spatial resolution of 1×1. The adiabatic heating term in 

Eq. (10), Q
q
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, was used to analyze the heavy 

rainfall. During the calculation, only the heat from the 

phase change, )
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The results of this calculation are shown in Fig. 2. From 
Figs. 2a and 2c, we see that the rainfall centers in the 
north as well as southwest of Chongqing and northwest of 
Guizhou approximately match the centers of the adiabatic 
heating term; however, the rain centers in the southeast 
and south of Sichuan differ from the centers of the adia-
batic heating term slightly (the southward movement of  

the rainfall region may be caused by a north wind). As 
Figs. 2b and 2d depict, the rainfall centers in the south of 
Sichuan, the northwest and southeast of Chongqing, as 
well as the north and northwest of Guizhou match the 
centers of the adiabatic heating term well. From the 
analysis above, it can be seen that the diabatic heating 
term is a useful tool to diagnose the regions, centers, and 
trends of meso-scale heavy rainfall.  

7  Conclusions  

Taking the view that dry air is conserved in a volume 
element, a continuity equation containing moisture forc-
ings was derived. From the first law of thermodynamics, a 
thermodynamic equation including moisture forcings was 
obtained, and the equation was simplified through a con-
cise scale analysis. With this thermodynamic equation, the 
potential temperature and equivalent potential tempera-
ture of the real atmosphere is conserved in adiabatic, fric- 

 

 
 

Figure 2  The diabatic heating term (units: 108 PVU s1, 1 PVU=106 m2 K kg1 s1) and observed 24-hour precipitation (units: mm). Panels (a) and 
(b) are the diabatic heating term at 500 hPa averaged during 0000 UTC 4 September–0000 UTC 5 September and 0000 UTC 5 September–0000 UTC 
6 September respectively. Panels (c) and (d) are precipitation during 0000 UTC 4 September–0000 UTC 5 September and 0000 UTC 5 Septem-
ber–0000 UTC 6 September respectively. 



NO. 3 FU AND SUN: THE GENERALIZED MOIST POTENTIAL VORTICITY EQUATION 135 

 

tionless motions. 
Using the continuity equation, the thermodynamic 

equation including moisture forcings, and the basic mo-
mentum equation of the local Cartesian coordinates, the 
budget equation of GMPV was derived. The budget equa-
tion of GMPV indicates that the variation of GMPV is 
primarily related to the diabatic heating and to the sole-
noid, which in turn is closely related to baroclinity. Under 
dry air conditions, the budget equation of GMPV can be 
simplified to the Ertel potential vorticity equation, and 
under a condition of no phase changes, the budget equa-
tion can be simplified to the MPV equation derived by 
Wu et al. (1995). 

The GMPV is conserved in adiabatic, frictionless baro-
tropic, or saturated atmospheres, and it is closely related 
to horizontal frontogenesis and the stability of atmos-
pheric layers. A real case study indicates that term dia-
batic heating could be a good diagnostic tool for heavy 
rainfall events. In future studies, more cases will be ana-
lyzed with the GMPV equation to verify its ability to di-
agnose characteristics of severe weather events. 
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